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Setting

Statistical inverse problem (see e.g. Cavalier 2011)

Y = g + ξ = Af + δẆ

with A ∈ L(H1,H2), noise level δ > 0 and Gaussian white noise Ẇ

Discretised model

Y = g + ξ = Af + δZ

with

■ A ∈ RD×P with rank D ⩽ P and singular values λ1 > · · · > λD > 0,
■ f ∈ RP signal of interest,
■ Z ∼ N (0, ID), δ > 0
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Regularisation of iterative methods by early stopping
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Goal: computational and statistical efficiency by choosing
data-driven τ depending on previous iterates only
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Conjugate gradients for the normal equation (CGNE)

A⊤Af = A⊤(Y − ξ) (normal equation)

(1/2)⟨Af ,Af ⟩ − ⟨Af ,Y ⟩ → minf ! (minimisation problem)

Algorithm (Hestenes and Stiefel 1952)

1: f̂0 ← 0, Y (−0) ← Y , p1 ← A⊤Y , k = 1

2: while A⊤Y (−(k−1)) ̸= 0 do
3: f̂k ← f̂k−1 + αkpk s.t. ∥Y − Af̂k∥2 → minαk

!

4: Y (−k) ← Y − Af̂k

5: γk ← ∥A⊤Y (−k)∥2/∥A⊤Y (−(k−1))∥2

6: pk+1 ← A⊤Y (−k) + γkpk

7: k ← k + 1

8: end while

Note: f̂k depends nonlinearly on Y .
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An alternative definition of CGNE

CGNE as Krylov subspace iteration method:

∥Y − ĝk∥= ∥Y − Af̂k∥ = min
f̂ ∈Kk (A⊤Y ,A⊤A)

∥Y − Af̂ ∥ with

Kk(A
⊤Y ,A⊤A) = span{A⊤Y , (A⊤A)A⊤Y , . . . , (A⊤A)k−1A⊤Y }

Definition (Conjugate gradient iterate at iteration k)

ĝk := (1− rk(AA
⊤))Y , where rk := argmin

pk∈Polk,1
∥pk(AA⊤)Y ∥2

Key property

(rk)k⩾0 is orthogonal w.r.t. d µ̂(λ) =
∑D

i=1 λ
2
i ⟨Y , ui ⟩2δλ2

i
.

Notation: hv = h(AA⊤)v for functions h and v ∈ RD
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An alternative definition of CGNE

CGNE as polynomial based iterative method:
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Decomposition of the prediction error of CGNE

Proposition
We have

∥ĝt − g∥2 = At,λ + St,λ − 2⟨ξ, rt,>Y ⟩ ⩽ 2(At,λ + St,λ)

with

St,λ := ∥(1− rt,<)
1/2ξ∥2, (weak stochastic error)

At,λ := ∥r1/2
t,< g∥2 + R2

t − ∥r
1/2
t,<Y ∥2, (weak approximation error)

rt := (1− α)rk + αrk+1, (interpol. residual polynomial)

rt,<(x) = rt(x)1(x < x1,t), rt,>(x) = rt(x)1(x > x1,t),

where t = k + α, k = 0, . . . ,D − 1, α ∈ (0, 1] and x1,t is the
smallest zero of rt .
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Properties of the weak stochastic and approximation error

The weak stochastic error
St,λ satisfies

■ S0,λ = 0, SD,λ = ∥ξ∥2,
■ t 7→ St,λ is

nondecreasing.

The weak approximation error
At,λ satisfies

■ A0,λ = ∥g∥2, AD,λ = 0,

■ At,λ ⩽ ∥r1/2
t,< g∥2, where

t 7→ ∥r1/2
t,< g∥2 is nonincreasing.

■ rt is nonnegative, decreasing, convex and log-concave
on [0, x1,t ].

■ R2
t := ∥rtY ∥2 ⩽ ∥r1/2

t,<Y ∥2 (cf. Nemirovskii 1986)

■ t 7→ R2
t is monotonically decreasing.
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A weak oracle minimax bound

Weakly balanced oracle

τw := inf {t ∈ [0,D] | At,λ ⩽ St,λ}

Proposition

Suppose g satisfies ∥g∥2µ+1/2 :=
∑D

i=1 λ
−4(µ+1/2)
i ⟨g , ui ⟩2 ⩽ R2,

where µ,R > 0, and the singular values are λi = i−p,
i = 1, . . . ,D, p > 1/2. Then

E
[
∥ĝτw − g∥2

]
⩽ Cp,µR

2/(4µp+2p+1)δ(8µp+4p)/(4µp+2p+1).

This rate is minimax optimal (cf. Johnstone 2017).
In particular, CGNE is as good as truncated SVD.
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Mimic the weakly balanced oracle by early stopping
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Mimic the weakly balanced oracle by early stopping
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Balanced oracle inequality for the prediction error

Lemma
We have

E
[
∥ĝτ − ĝτw∥

2
]
⩽ 2E [|⟨ξ, rτw,<g⟩|] + δ2

√
2D.
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Balanced oracle inequality for the prediction error

Lemma
We have

E
[
∥ĝτ − ĝτw∥

2
]
⩽ 2E [|⟨ξ, rτw,<g⟩|] + δ2

√
2D.

Theorem
We have

E [|⟨ξ, rτw,<g⟩|] ⩽ Cδ2
(
E
[
δ−2Sτw,λ

]
+ E

[
δ−2Sτw,λ

]1/2 √
logD

)
.

This implies

E
[
∥ĝτ − g∥2

]
⩽ C

(
E
[
Sτw,λ

]
+ δ2
√
D
)
.
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Minimax optimality of early stopping for the prediction error

Corollary

Suppose g satisfies ∥g∥2µ+1/2 ⩽ R2 and the singular values are
λi = i−p, p > 1/2. Then

E
[
∥ĝτ − g∥2

]
⩽ Cp,µ

(
R2/(4µp+2p+1)δ(8µp+4p)/(4µp+2p+1) + δ2

√
D
)
.

This gives the minimax rate for all regularities µ > 0 with
Dµp+p/2+1/4 ≲ δ−1.
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Transfer to the reconstruction error

Definition

f̂t := A⊤(AA⊤)−1ĝt = A⊤(AA⊤)−1(1− rt(AA
⊤))Y

Lemma (Bound on the reconstruction error)
We have (cf. Engl et al. 2000, Lemma 7.11)

∥f̂t − f ∥2 ⩽ 2∥rt,<(A⊤A)f ∥2 + 4|r ′t(0)|St,λ + 2|r ′t(0)|At,λ.
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Minimax optimality for the reconstruction error

Early stopping rule

τ = inf
{
t ∈ [0,D]

∣∣ R2
t ⩽ Dδ2}

Theorem

Suppose f satisfies ∥f ∥2µ :=
∑D

i=1 λ
−4µ
i ⟨f , ui ⟩2 ⩽ R2, where

µ,R > 0, and the singular values are λi = i−p, i = 1, . . . ,D,
p > 1/2. Then

E
[
∥f̂τ − f ∥2

]
⩽ Cp,µ

(
R(4p+2)/(4µp+2p+1)δ8µp/(4µp+2p+1) + δ2Dp+1/2

)
.

✓ Early stopping at the data-driven τ achieves
computational and statistical efficiency.
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A numerical illustration for the prediction error
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A numerical illustration for the prediction error

interpol. CG Landweber trunc. SVD

supersmooth 5.32 30.70 39.76

smooth 12.64 270.09 309.81

rough 17.27 905.43 908.49

Table: Means of the early stopping rules

Thanks a lot for your attention!
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