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Statistical inverse problem (see e.g. Cavalier 2011)
Y=g+E=AF+0W
with A € L(Hy, H,), noise level § > 0 and Gaussian white noise W

Discretised model
Y=g+&=Af+62
with

= A e RP*P with rank D < P and singular values A\; > --- > \p > 0,
» f € R” signal of interest,
" Z~N(0,1p), 6> 0



Regularisation of iterative methods by early stopping

0.04 — Bg,(f)
— Vi = kd?
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Bias-variance decomposition

of the prediction error
for fx = Zf-;l /\,-_1<Y, up)v;

0.02 ) 5 , ,
Bi \(f) = 2o isu i AF(F, vi)*,
Vix = kd?
(truncated SVD, see Blanchard
O_

et al. 2018a)
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Regularisation of iterative methods by early stopping
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Regularisation of iterative methods by early stopping

0.04 — BZ.(F)
— Viex = ké? . . .
~ .| Bias-variance decomposition
E[I|A(fc = O)II7] .
of the prediction error
with weakly balanced oracle
0.024 Tro = inf{k ‘ BI%A(f) < Vk7)\}
= |
o
0 20 rry 40 60

iteration index k

Goal: computational and statistical efficiency by choosing
data-driven 7 depending on previous iterates only



Conjugate gradients for the normal equation (CGNE)

ATAf = AT(Y —¢) (normal equation)
(1/2)(Af, Afy — (Af,Y) — ming! (minimisation problem)

Algorithm (Hestenes and Stiefel 1952)

L f+0 YO ¥ p ATY k=1

2: while ATY((=1) =£0 do

3: o e Fecr + oaupe st ||Y — AR2 = ming,!
2. YER Yy — Af

5k e AT YRR/ JAT YD)

6:  pryr e ATYER 4qppy

7 k< k+1

8:

end while

Note: # depends nonlinearly on Y.



An alternative definition of CGNE

CGNE as Krylov subspace iteration method:

IY —&l=[Y —Afll=_ min Y —Af]| with
FEKL(ATY ATA)

Ki(ATY,ATA) = span{ATY,(ATA)ATY ... (ATA1ATY}



An alternative definition of CGNE

CGNE as polynomial based iterative method:
1Y —&l= Y —Af=_  min Y —AFf|| with
FEKL(ATY,ATA)
Ki(ATY,ATA) =span{AT Y, (ATA)ATY, ... (ATA1ATY}

Definition (Conjugate gradient iterate at iteration k)

8 = (1—r(AAT))Y, where r = argmin|p(AAT)Y|?
PkEPO|k11

Key property
(rk) k=0 Is orthogonal w.r.t. dpi(\) = Z,-D:l Y, ui>25>\,-2'

Notation: hv = h(AAT)v for functions h and v € RP 5



Decomposition of the prediction error of CGNE

Proposition
We have

llge — gH2 =ArA+Se)— 26> Y) <2(Aey + Stn)

with
Sex=(1— rt7<)1/2§H2, (weak stochastic error)
Ay = Hrt1/<2g\|2 + R% — | rt1/<2 Y||?, (weak approximation error)
re = (1—a)rg + argeq, (interpol. residual polynomial)

re<(x) = r(x)1(x < x1,¢),  re>(x) = re(x)1(x > x1.¢),

wheret =k +a, k=0,...,D—1, a € (0,1] and x1 ¢ is the

smallest zero of r.



Properties of the weak stochastic and approximation error

The weak stochastic error The weak approximation error
St.\ satisfies At ) satisfies
= Soa =0, Sp.= ¢l = Ao = |lgll? Apr =0,
. 1/2
"t Sp s " Apy < Hrt’/<g] 2 where
nondecreasing. t— Hrtl/<2gH2 is nonincreasing.



Properties of the weak stochastic and approximation error

The weak stochastic error The weak approximation error
St.\ satisfies At ) satisfies
2 2
" Son=0, Spx=&l°% » Ao = |lgll*, Apx =0,
. 1/2
"t Sp s " Apy < Hrt’/<g] 2 where
nondecreasing. t— Hr,ifg\P is nonincreasing.

= r; is nonnegative, decreasing, convex and log-concave
on [07X1,t]-
" R2:= |nY|2 < |2 Y)? (cf. Nemirovskii 1986)

= t > R? is monotonically decreasing.
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Figure: Residual polynomial with smallest zero x;  and singular
values of A
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Figure: Residual polynomial with smallest zero x;  and singular
values of A
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Figure: Residual polynomial with smallest zero x;  and singular
values of A
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Figure: Residual polynomial with smallest zero x;  and singular
values of A
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Figure: Residual polynomial with smallest zero x;  and singular
values of A
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A weak oracle minimax bound

Weakly balanced oracle

T = inf{t € [0 D] | At,)x < St.A}



A weak oracle minimax bound

Weakly balanced oracle

T = inf {t € [0, D] | Axx < Sen}

Proposition

. —4(u+1/2

Suppose g satisfies |lg|215 = S0 A VT g, ) < R2,
where p, R > 0, and the singular values are \; = i—",
i=1,...,D, p>1/2. Then

E [”Em _ g‘ﬂ < G, R/ (41upt20+1) 5(Bupt4p)/ (41p+2p+1)

This rate is minimax optimal (cf. Johnstone 2017).
In particular, CGNE is as good as truncated SVD.



Mimic the weakly balanced oracle by early stopping

0.2
Weakly balanced oracle
— A T = inf{t € [0, D] | Aex < Sen)
— Sia
Equivalent formulation
0.14 Tro
= inf {t | RZ < [[¢]|* +2(¢, re<g)}
O_

0 Tho 10
iteration index t

10



Mimic the weakly balanced oracle by early stopping

0.2+
_ ?M Weakly balanced oracle
— Sy ,
: R Tw = inf{t € [0, D] | As.x < St
R? _ Hyfgt||2 o { [ ] ‘ t, t, }
& — gll? Equivalent formulation
D42 4 Tro
=inf{t | RZ < [|€]® +2(&, re<g)}
Early stopping rule
7= inf{t € [0, D] | R? < D&%}
ol —/
(I) Ty"Tm 1IO

iteration index t
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Balanced oracle inequality for the prediction error

Lemma
We have

E (|8 — &nl?] < 2B, ry <) ] + 5V/2D.
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Balanced oracle inequality for the prediction error

Lemma
We have

E (|8 — &nl?] < 2B, ry <) ] + 5V/2D.
Theorem
We have

E (€, rru,<8)] < CO?(E [5725,,, 2] + E [6725,,1] /% V/Iog D).

This implies
E[Ig- - &l?] < C(E[S.,,] +3*VD).

11



Minimax optimality of early stopping for the prediction error

Corollary

Suppose g satisfies Hg||i+1/2 < R? and the singular values are
A\i=1i"P, p>1/2. Then

E [l - &l?]

< Cop ( R2/(4up+2p+1) 5(81p+4p)/(4p+2p+1) | 52 \@>

This gives the minimax rate for all regularities . > 0 with
pDHp+p/2+1/4 < s—1

12



Transfer to the reconstruction error

Definition

fo=AT(AAT) 5. = AT(AA) 11 — r(AAT))Y

13



Transfer to the reconstruction error

Definition

foi=AT(AAT) g, = AT(AAT) (1 = R(AAT))Y

Lemma (Bound on the reconstruction error)
We have (cf. Engl et al. 2000, Lemma 7.11)

Ie = £11? < 2l re,<(ATAYFI? + 4rf(0)ISe 1 + 2/ (0)|Ae .

13



Minimax optimality for the reconstruction error

Early stopping rule
T=inf {t € [0,D] | Rf < D*}

Theorem
Suppose f satisfies ||f||i =P AT, u)? < R?, where
i, R > 0, and the singular values are \; =i~ P, i=1,... D,
p>1/2. Then

E[If - fIP]

< Gou <R(4P+2)/(4HP+2P+1)58MP/(4/LP+2P+1) + 62 DP+1/2).

14



Minimax optimality for the reconstruction error

Early stopping rule
T=inf {t € [0,D] | Rf < D*}

Theorem
Suppose f satisfies ||f||i =P AT, u)? < R?, where
i, R > 0, and the singular values are \; =i~ P, i=1,... D,
p>1/2. Then

E[If - fIP]

< Gou <R(4P+2)/(4HP+2P+1)58MP/(4/LP+2P+1) + 62 Dp+1/2).

\/ Early stopping at the data-driven 7 achieves

computational and statistical efficiency.
14



A numerical illustration for the prediction error

Relative efficiencies min:>o ||g: — g||/|lg- — g

supersmooth smooth rough
I R e R
y # = |
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Figure: 100 Monte-Carlo runs, \; = i~1/2, § = 0.01,
D = P = 1000, for the signals of interest see Stankewitz (2020) 15



A numerical illustration for the prediction error

interpol. CG Landweber trunc. SVD

supersmooth 5.32 30.70 39.76
smooth 12.64 270.09 309.81
rough 17.27 905.43 908.49

Table: Means of the early stopping rules

16



A numerical illustration for the prediction error

interpol. CG Landweber trunc. SVD

supersmooth 5.32 30.70 39.76
smooth 12.64 270.09 309.81
rough 17.27 905.43 908.49

Table: Means of the early stopping rules

Thanks a lot for your attention!
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